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Main idea. In Weeks 3 and 4, we found the electric field of stationary charge and used it to
calculate energy and forces. We now let charge flow steadily: the current produces a magnetic field,
and that field acts on moving charge. The working logic remains the same: source, symmetry,
field, force.

1 Steady current: charge moves, the pattern stays fixed

Magnetostatics describes time-independent currents and magnetic fields. The individual charge
carriers move, but the current at each fixed point does not change with time.

1.1 Current: charge crossing a surface per second

Choose an oriented cross-section. If dQ¢yoss S the signed charge that crosses it during dt, the current
is

_ dQcross

1
dt |

[I]=A=C/s. (1.1)

This is charge passing through the section, not charge accumulating inside the wire. The current
direction is the direction of positive-charge flow.

I
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Current counts charge crossing the chosen section. A steady current can flow while the total charge in each piece of wire
stays constant.

( Example — what does 2 A mean?

A wire carries a constant current of 2.0 A. How much charge passes a cross-section in 3.0s?
Solution. Qeross = IAt = 6.0C. This does not mean that 6.0 C is left behind in the wire.

\

Physical meaning

A current-carrying metal is not in the electrostatic equilibrium studied in Week 3. In an ordinary resistive
wire, an electric field drives the steady current. A steady magnetic problem can therefore coexist with an
electric field.

.
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1.2 Current density: where does the current flow?

The vector J gives current per unit area perpendicular to the flow:

I:/SJ-ﬁdS, [J] = A/m?. (1.2)

For uniform flow normal to a section of area A, I = JA. If carriers have number density n, signed
charge ¢, and mean drift velocity vg, then

For electrons, ¢ = —e: electron drift and conventional current point in opposite directions.

1.3 Charge conservation: a steady current cannot pile up

For any fixed volume V', the outward current equals the rate at which charge inside is lost:

d

— dV = — J-nds.
dt/vp v

The divergence theorem gives the continuity equation:

dp
PLiv.3=0
ot

steady

vV-J=0. (1.3)

Thus the current entering any portion of a steady circuit equals the current leaving it. At a junction,
the same statement gives > Iin = > Tout-

f

Example — a wire narrows

A steady current I = 3.0 A flows through a wire whose cross-section changes from A; = 2.0 mm?
to Ay = 1.0mm?. Assume the current density is uniform well away from the transition.

Solution. The same current crosses both sections:

I I
Ji=-—=15x10°A/m? Jo = — =3.0x10°A/m?.
A1 A2

If the carrier density is unchanged, the drift speed doubles as well.

Al,‘ J1 Ay = %Ah Jo = 2,
- : |
JE I
— —
|
|
I = JlAl I = JQAQ =1

A smaller area means a larger current density, not a smaller steady current. Arrow lengths indicate the change in J.

( Check / physical lesson ’

‘ If 3 A entered a region but only 2 A left, its charge would grow at 1 C/s. That situation would not be steady. ’
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2 Magnetic force: first find the direction

The force on a charge ¢ moving with velocity v is the Lorentz force:

F=¢(E+vxB). (2.1)

The magnetic part is
Fp =¢qv x B, Fp = |qlvBsin#,

where 6 is the angle between v and B. The unit of magnetic field is the tesla: 1T = 1N/(Am).
‘ Method / strategy ’

For a positive charge, use the right-hand rule for v x B. For a negative charge, reverse that direction. The
force is perpendicular to both vectors; it vanishes if the charge is at rest or moves parallel to the field.

B = Bz: out of the page

©® towards you

vX
Yy ® away from you
L» x
F]g = 7(]’[,‘]35’
A dot is an arrow tip coming out of the page; a cross is its tail going into the page. Here X x 2 = —y, so a positive charge
moving right is pushed down.
( . .
Example — the same velocity, opposite charges

A proton and an electron each have instantaneous velocity v = (2.0 x 10° m/s)% in B = (0.10T)z,
with E = 0.
Solution. With e =1.60 x 1071°C,

|Fp| = evB = 3.2 x 1071 N.

The proton is pushed along —¥; the electron along +¥. Their force magnitudes are equal, but their
accelerations differ because their masses differ.

_

Physical meaning

An electric field acts on a stationary charge. A magnetic field acts on its motion: changing the velocity
changes the magnetic force even at the same point in the same field.

-
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2.1 A uniform field: bend the path without changing speed

The rate at which the magnetic force changes kinetic energy is

d /1 o
— | =-mv® ) =Fp-v=¢q(vxB)-v=0.
at < B ) B q( )
A magnetic force alone does no work. It changes the direction of motion, not the speed. We use
nonrelativistic motion here: v < c.

-

Example — circular motion

A charge enters a uniform field with v L B and no other force. Find the orbit radius and the time
for one turn.

Solution. The magnetic force supplies the centripetal force:

[

muv

muv
qvB = — — = —.
B =% /B

The angular speed and period follow from the geometry of the circle:

_v lq| B 2 2mm

TR m | ~we 4B

B out of the page

q > 0: clockwise

+ q < 0: counterclockwise

At the rightmost point, a positive charge moving downward feels an inward force: (—¥) X 2 = —%. Reversing the charge
reverses the sense of rotation.

For the proton on the previous page, using m, = 1.67 x 10727 kg gives R = 2.09cm and T = 0.656 ys.
What if the velocity also has a component along the field?

Write v = vy +v|. Only v, enters the cross product. The transverse motion is a circle of radius mv, /(|q|B), while
v| stays constant. Together they form a helix, advancing a distance |v|T" along the field axis per turn.

‘ Check / physical lesson ’

Doubling v, doubles the radius but leaves the period unchanged. Doubling B halves both the radius and
the period.
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2.2 Force on a wire: add the forces on its carriers

A current is moving charge, so a wire in an applied magnetic field also feels a force. For a short element
directed along the conventional current,

dF = I df x Bey. (2.2)

Here Byt is the field produced by other sources. It is not the field of this same wire element acting on
itself.

From one carrier to a wire element

Take positive carriers with density n, charge ¢, and drift speed vy in a wire of cross-section A. A length d/
contains nA d¢ carriers, so its force is

dF = (nAdl)qvy X Bext = nqAvg d€ X Bext.
1

For negative carriers both ¢ and the drift direction reverse relative to conventional current, giving the same
current formula.

For a straight wire of directed length L in a uniform field,

F = IL x Bey.

For a curved wire or a nonuniform field, keep the integral F = I [ d€ X Bext.

L
© © © ©
] Bext out of page
_—
© © © ©
F

Current to the right and field out of the page give force downward. Use the current direction in L X Bext, even when
electrons carry the current.

Example — a straight segment in a uniform field

A horizontal segment of length L = 0.10m carries I = 3.0 A to the right. A field B = 0.20 T points
out of the page.

Solution. The vectors are perpendicular, so

F=1LB =0.060N, directed downward.

Rotating the segment until it is parallel to the field reduces the force to zero.

The same statement for a volume current

For a continuous distribution, the magnetic force per unit volume is fg = J X Bext. Integrating fp dV adds the
forces throughout the material.



Electrodynamics € Relativity Week 5

3 Biot—Savart: build the field from the current

We now reverse the question: given the steady current, what magnetic field does it produce? For a
thin wire in vacuum,

B(r) = 10! /W 4 x(x—r) (3.1)

4r v —r/|3

Here g ~ 47 x 1077 N/A? is the vacuum permeability. As in the Coulomb integral, primed coordinates
label the source; the unprimed point is where we observe the field.

r’ Position of a current element.

r Fixed observation point while we integrate.
R=r-r Vector from the source to the observer.

dae Wire element directed along conventional current.

P : dB into page

O

The element points up and the observer lies to its right, so d¢’ x R points into the page. The field contribution is
perpendicular to the plane containing the current element and the observer.

Method / strategy

1. Sketch the source and observer; define R. 2. Find the cross-product direction before integrating. 3. Use
symmetry to cancel components. 4. Integrate the surviving component and check a simple limit.

( . . .
Example — one element, two observation directions

A small element points along +¥. At an observer directly above it, R || d¢' and its contribution is
zero. At an observer directly to its right, R = RX, so

_pol AP

dB =
irR2 C

This is a contribution from one element; the total field adds all elements.

_




Electrodynamics € Relativity Week 5

3.1 A finite straight segment: keep the geometry explicit

Consider the segment —L < 3y < L on the y axis, with current in +y. Find its contribution at
P = (a,0,0), where a > 0.

I a
B into page

Every element of this segment contributes into the page at P. The perpendicular distance is a, but the
element-to-observer distance is /a2 + y’2. The rest of the circuit is not shown.

The cross product fixes the sign

With de = § dy/,
' xR =y x (ax—9y) dy = —az dy'.

Therefore

L /

L pola dy
B(P)=— —
(P) Z A /4: (a2+y’2)3/2'

/ dy’ _ y
J (a2 +y2)3/2 - 02\/m

Inserting the endpoints gives

. pol L
B(P)=-2————. 2
#) “ora Va1 L2 (3.2)

f Example — how long is “long”?

If L = a, the field magnitude is 1/v/2 of the infinite-wire value. If L = 10a, the factor is
10/4/101 = 0.995.

Check. As L — oo, B — pol/(2ma); as L — 0, this segment’s contribution vanishes.

_

Physical meaning

A steady current cannot end at the endpoints of an isolated segment. Equation (3.2) gives the contribution
of the straight part of a complete circuit; other parts may contribute additional field.
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3.2 A circular loop: add the axial components

A loop of radius a lies in the zy plane. Its current is counterclockwise when viewed from +z. Find the
field at P = (0,0, 2). Each element is a distance R = va? + 22 from P.

side view in the zz plane
view from +z paired elements at © = +a

current counterclockwise

At paired elements, the transverse field components cancel and the axial components add. In the side view, the
right-hand current points into the page and the left-hand current points out.

Why the axial projection supplies a second factor of a
The tangent d€ is perpendicular to R, so dB = ugl d¢’/(4wR?). At the right-hand element, R = —a% + 22
and d¢' =y d¢, giving
A xR = (2% +az) d/'.
The axial component is therefore a fraction a/R of the magnitude: dB, = (a/R)dB. Since a and R are

constant around the loop,
_ hola ,_ Mola
B, = s % A’ = s (27a).

 pold®
B(0,0,z) = a2 + 22 22)3/2z. (3.3)
( Example — at the centre and one radius away
For a =0.10m and I =5.0A,
_ ol _B() _
B(0) = 5 — 31.4 4T, B(a) = 372 = 11.1pT.

Both fields point along +2. On the negative z axis the axial field also points along +2; reversing
the current reverses the field everywhere.

Check / physical lesson

Far from the loop, |z| > a, the field falls as B ~ ugla?/(2|z|?). This 1/r® behaviour is the magnetic
counterpart of the dipole field in Week 4.
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4 Flux and circulation: ask two different questions

4.1 Magnetic flux: how much field crosses a surface?

For an oriented surface .S, the magnetic flux is
bp = / B -1 dS.
S

For a flat surface of area A in a uniform field, ®p = BA cos 8, where 6 is the angle between the field
and the surface normal. Flux has units of weber: 1 Wb = 1T m?.

For a closed surface, with the normal pointing outward, the magnetic flux is always zero:

B-hdS=0| < (4.1)

The equivalence follows from the divergence theorem, since the closed-surface statement holds for every
volume. There are no magnetic charge sources in classical electromagnetism: magnetic field lines have

)%

no beginnings or ends.

closed box: cross-section

ny, ﬁlf
-~ o ______ —
> > >
! I
P : > | > B
> | . >
|
left face right face
d; = —BA br = +BA

A uniform field passes through the box. It enters one face and leaves the other; on the remaining faces it is tangential.
Zero net flux does not mean zero field.

Example — a nonzero field with zero closed-surface flux

The field is B = 2.0mT and each end face of the box has area A = 10cm?2 = 1073 m?2.

Solution. The two end-face fluxes are —2.0 uWb and +2.0 uWb. The other faces contribute zero,
so the total is zero. The flux through either end face alone is not zero.

Physical meaning

Compare the source equations:
V'Ezp/éo, V-B=0.

Electric charge can produce net outward electric flux. Current produces magnetic circulation, which we
examine next.
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4.2 Ampere’s law: how much field runs around a loop?

For steady currents in vacuum,

f B-dl = polenc|,  Ienc = / J-hds. (4.2)
C S

The surface S spans the closed curve C'. Curl the fingers of your right hand along the chosen traversal
of C; your thumb gives . Currents through S are then counted with their signs.

@ /// \C
4 0 ® p 0

n out N
of page < 1 =20A L =05A .7 3.0A
SN~ __-- -~ outside C'
Counterclockwise traversal chooses the outward normal shown. Count only current piercing the spanning surface, with
out-of-page current positive and into-page current negative.

Example — circulation is fixed, even when the field is not simple

For the loop above, I = 2.0 — 0.5 =1.5A, so

]{ B-de=15uA~188x105Tm.
C

The outside current can change B at points on C', but contributes zero net circulation around this
loop. We cannot deduce a single value of B from the integral without additional symmetry.

The local statement: apply Stokes’ theorem

fB-dﬂ:/(VxB)-ﬁds:uo/J-ﬁds.
C S| S

Since this holds for every suitable surface, |V x B = poJ | Compare electrostatics, where V x E = 0 and

$.E-de=0.

‘ Method / strategy

When does Ampere’s law calculate the field easily? Choose a loop on which symmetry makes the
tangential field constant, or makes B- d€ = 0. Otherwise use Biot—Savart. An Amperian loop is an imaginary
integration path, not a physical wire.

Flux Circulation
Integral J¢B-ndS $oB - de
Component Normal to a surface Tangent to a curve

10
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5 Use symmetry: five applications of Ampere’s law

5.1 An infinite straight wire: a circular integration path

A thin wire carries current I along +Zz. The field circulates around the wire by the right-hand rule.
Rotational and translational symmetry make its magnitude depend only on the distance p from the
axis: .

B = B(p)¢.
Choose a circle of radius p centred on the wire. On that circle, B is tangential and has constant
magnitude.

current out of page

/ \q B cross-section of wire

| Qe

I 1 { field counterclockwise
\

~ -

circular path C'

The circular path follows the field, so B - d¢ = B d¢ at every point. This is why the unknown B(p) can leave the integral.

The integral becomes field times circumference

%B- dE:B(p)% d¢ = B(p) 2mp = pol.
C C

_ Hol g

B(p) 5

(5.1)

The magnitude falls as 1/p: the fixed circulation is spread around a larger circumference. This agrees
with the long-segment limit of Biot—Savart on page 7.

( Example — field near a straight wire

For I =5.0A at p = 2.0cm,

(47 x 1077)(5.0) _5
27(0.020) 5010 20u

At twice the distance the field is 25 uT. The direction still follows the circular field lines.

“

Check / physical lesson

The formula applies outside a wire whose radius is negligible compared with p. Its apparent divergence as
p — 0 tells us that a zero-radius wire is an idealisation. A wire with finite radius resolves it.

11



Electrodynamics € Relativity Week 5

5.2 A solid cylindrical wire: count only the enclosed current

A long wire of radius a carries current I uniformly over its cross-section: J = 12/(mwa?). Cylindrical
symmetry again gives circular field lines. The change is in I, not in the choice of Amperian path.

1 4
inside |
O | .
= outside
S 0.5 :
R Y !
l
|
l
O % | |
0 1 2 3

pla

enclosed area, mp?

The shaded disk encloses only part of the current. Inside, enclosed current grows as p® while circumference grows as p;
therefore B grows linearly.

Use the enclosed area before applying Ampere’s law

For p < a, Ione = J7rp2 = Ip2/a2. For p > a, the full current is enclosed: I, = I. In both regions,
B(p) 2mp = M()Iency S0

udﬁ: 0<p<a
) 27a?
B(p) = (5.2)
pol 4
o ? p2a.
P

At the axis, B = 0 by the continuous limit; the azimuthal direction need not be defined there.

( Example — two points with the same field magnitude

Take I = 5.0 A and a = 2.0mm. The surface field is B(a) = 0.50mT. At p =a/2, B = 0.25mT;
at p =2a, B =0.25mT too. One point encloses less current, while the other lies on a longer path.

_

Check / physical lesson

The two formulas agree at p = a: the field is continuous. It is not zero inside a current-carrying conductor;
the electrostatic condition E = 0 inside a metal at equilibrium does not impose B = 0.

12
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5.3 An infinite current sheet: two sides, opposite fields

A uniform sheet lies at z = 0 and carries surface current K = KX. Surface current density has units
A/m: a strip of width ¢ measured perpendicular to the flow carries current K¢.

Translations along the sheet make the field independent of x and . The right-hand rule and reflection
symmetry give equal, opposite fields on the two sides: along —¥y above and 4§ below. We calculate
the sheet’s own field, with no added external field.

K = Kx%: out of the page

loop in the
1(
R — .— | Yz plane
N b | By
| |
© 06160 6 0 60 o0 o0 OO
v : B i B_
b o _ |
L

The loop lies along the field on its long sides, and the current pierces its surface. Counterclockwise traversal chooses +%x
as the surface normal; both long sides contribute positively.

Why the two long sides add

The short sides have B 1 d#, so contribute zero. On each long side the field follows the traversal, giving
j{ B-d¢=Bl+ Bl =2B¢, Tene = KV.
@

Ampere’s law therefore gives 2Bl = pugKY.

K
—“OTy, 2> 0,

B(z) = 5.3

=1 X (53)
—i—Ty, z <0

f Example — current per width

A uniform sheet carries 2.0 A through every 0.10m of transverse width. Then K = 20A/m and

K
B:“OT:12.6MT

on each side, with the opposite directions shown above.
_

Check / physical lesson

The ideal sheet’s field is independent of distance from the sheet. The rectangular loop may be made taller
without changing either the enclosed current or the two nonzero contributions to the circulation.

13
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5.4 A long solenoid: count the turns pierced by the loop

A solenoid has n turns per unit length, each carrying current I. We idealise the closely spaced windings
as circular turns on a long cylinder. Away from the ends, the field is nearly uniform and parallel to the
axis inside; the exterior field is small.

Cross-section through the axis. The loop’s bottom side lies inside and follows the field; its top side lies outside. The
spanning surface cuts nf turns, so it encloses nfél, not just I.

Compare the interior and exterior fields

Choose the positive axial direction to the right. The transverse sides of the rectangle contribute zero, while

the axial sides give
(Bin - Bout)ﬁ = Mo (TI[)I, Bin - Bout - ,“‘Onj'

In the infinite-solenoid model, symmetry and the current-free exterior make the exterior axial field spatially
constant. With no applied field, it must vanish far away, hence By, = 0.

For a long, finite solenoid away from its ends,

Bin ~ ponl, Bout =~ 0. (5.4)

The right-hand grip rule fixes the axial direction: curl your fingers with the winding current; your
thumb points along the interior field.

f Example — turn count versus turn density

A coil has N = 500 turns over length L = 0.50m and carries I = 2.0 A. Its radius is much smaller
than L.

Solution. The turn density is n = N/L = 1000m ™, so
By ~ ponl = 2.51mT.

A rectangular loop of axial length ¢ = 0.10 m encloses n¢ = 100 turns and thus Ie,. = 200 A. This
is a sum over crossings; the current in each wire remains 2.0 A.

f Physical meaning

The small exterior field is a property of the long-solenoid geometry and the boundary condition, not a
consequence of I, = 0 alone. A finite solenoid has a return field outside, especially near its ends.

14
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5.5 An ideal toroid: a solenoid bent into a ring

An ideal toroid has N uniformly distributed turns carrying current I. Take a rectangular cross-section
with inner radius a and outer radius b. In the central plane, let p be distance from the symmetry axis
of the whole ring. The magnetic field is azimuthal.

p < a: no crossings
Ienc =0

a < p < b: N outward crossings
Ienc =NI

p > b: outward and return crossings
Ienc =NI—-NI=0

A cut through the central plane. Dots and crosses are the two sides of each winding, piercing this plane in opposite
directions. A circular path within the annulus encloses one side of each turn; an exterior path encloses both.

Ampere’s law gives B(p) 2mp = piolenc. With ideal continuous windings and no applied external field,

0, p<a,
NT
B(p) =24 a<p<b, (5.5)
2mp
0, p>b.

These regions refer to the central plane shown; the nonzero field occupies the wound toroidal volume.
Real, discrete windings produce some leakage field.

f Example — is the field uniform across the ring?

For N =200, I =1.0A, a =4.0cm, and b = 6.0 cm, the field just inside the inner and outer edges
is

B(at) =1.00mT, B(b™) =0.667mT.

It is stronger at the inner edge because the circular path is shorter.
_

Check / physical lesson

For a narrow ring of mean radius R, p ~ R throughout the winding. Then B ~ uoNI/(2nR) = ponl with
n = N/(27R): the long-solenoid result reappears.

15
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6 At an interface: which components can jump?

Consider vacuum on both sides of a surface carrying a possible sheet current K. Let i point from side
1 to side 2, and write AB = By — B;. Use the same shrinking-volume and shrinking-loop logic as for
electric boundary conditions in Week 3.

thin pillbox thin Amperian rectangle
n

side 2 jm———— I _____ PSP E———

| : | | K

" P o N o N o N o WY o )

i ] i U U ;

|
side 1 mm-- { """ —
compare normal components compare tangential components

Let the height of each construction tend to zero. Flux compares the two faces of the pillbox; circulation compares the two
long sides of the rectangle. The example sheet current on the right points out of the page.

6.1 Normal component: continuous

The side-wall flux vanishes as the pillbox height shrinks. Its two faces give

SO

f-(By—Bi) =0 (6.1)

6.2 Tangential component: a sheet current creates a jump

As the rectangle shrinks, the short sides contribute zero, but a sheet current still pierces its surface. If
t is a unit tangent along the lower side, the loop normal is t x . Ampere’s law gives

—(AB - t){ = po[K - (t x )¢,

Using K- (t x i) = —t - (K x 1), and allowing any tangential direction t, we obtain

18 x (B, — By) = oK | AB| = 110K x 1. (6.2)

The cross product fixes the direction of the jump; it is not generally parallel to the sheet current.

f Example — read the current from a field jump
Let i = z and suppose AB = —f8y, with 8 > 0. Then
1
K=—2zx(-py) = Efc
Ho Ho

The required current points along +x, consistent with the sheet on page 13.

\

Check / physical lesson

If there is no sheet current, both components of B are continuous in vacuum. A finite volume-current density
may change abruptly without creating a jump in B, as at the surface of the solid wire.

16
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7 Two parallel currents: put field and force together

Two long straight wires are separated by distance d. Their currents I; and I both point upward. First
find the field of wire 1 at wire 2; then use that field in the force law for wire 2.

] |

EE— <
F1 F2

Bs at wirel © ® B; at wire 2

d

At wire 2 the field of wire 1 points into the page. Upward current crossed with inward field gives a force to the left: the
wires attract. Each force uses the other wire’s field.

Field first, then force
At wire 2,
poli
B, =—"—2.
! 2nd “
For a length L of wire 2,
poliIoL
X.
27d

The force on wire 1 has the same magnitude and the opposite direction.

FQZIQLyXBlif

F_ pohly
L 2md
Parallel currents attract; antiparallel currents repel. Reversing one current reverses its force and also
reverses the field it produces at the other wire.

(I1, I are current magnitudes). (7.1)

f Example — force per metre

For I; =1, =5.0A and d = 2.0 cm,

F (47 x 1077)(5.0)(5.0)
L 27(0.020)

=2.5x 107" N/m.

A 0.50m length feels 1.25 x 107* N of attraction, neglecting end effects.

\

Method / strategy

The same sequence works in a new geometry: identify the source current, find its field using symmetry
and Ampere or a Biot—Savart integral, then apply gv x B or I d€ x B to the object that feels the force.

17
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OPTIONAL — Local curl and a loop that links a current

Further detail, following the main development.

8 No current here does not mean no circulation around there

Outside an infinitely thin straight wire, J = 0, and hence V x B = 0. Yet a loop surrounding the wire has
circulation pol. There is no contradiction: the two statements refer to different regions.

B #£0

' vy

\ I © ! \ /

\ / \ /

\ , S

\\ /7 -

linked loop unlinked loop
B dé = pol ]{B-dﬁzo

Both curves lie in current-free space. Only the left one links the wire. On the right, a nonzero field has zero total
circulation; its contributions around the curve cancel.

8.1 Where does Stokes’ theorem look?

Stokes’ theorem relates the line integral on a boundary to the curl on a whole spanning surface:

fB-df:/(VxB).ﬁdS.
C S

Every surface spanning the linked loop intersects the wire. It is therefore incorrect to set the curl to zero on the
entire surface. For the loop on the right, a spanning disk avoids the current and gives zero circulation.

f Example — the danger of dividing by a path length |

For the unlinked loop, Ampere’s law gives fo B - d¢ = 0. It does not give B x circumference = 0: the field
is neither constant nor everywhere tangent to this displaced circle. The actual field is still poI/(27p) at
every point of the loop.

Why one magnetic scalar potential cannot cover the whole exterior

In a small current-free neighbourhood, one may write B = —VW. Around the wire this would require

U = —&Iqﬁ + constant.
2w

After one circuit, ¢ — ¢ + 27, the value changes by —uol even though the position is the same. Thus this scalar
potential cannot be single-valued throughout the whole region outside the wire. The obstruction is the loop linking
the excluded current.
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Electrodynamics € Relativity Week 5

OPTIONAL — Extended currents and the divergence of the field

Further detail, following the main development.

9 The same source integral for a wire, sheet, or volume

The thin-wire description is an idealisation. For a current spread over a surface or throughout a volume, replace
the current element in Biot—Savart by the corresponding surface or volume element:

Source Current element in the integral Density units
Thin wire I4d¢ I: A

Thin sheet K(r') ds’ K: A/m
Volume J(x') v’ J: A/m?

All three current elements have units of Am. The geometric kernel is unchanged: take the cross product with
R/R3, where R =r —1’.

volume
wire sheet
— — >
_— _—
I1d¢ K d5’ Jdav’

Different descriptions of how current occupies space. Choose one model appropriate to the source; do not insert I, K,
and J as interchangeable quantities.

For example, a thin layer of thickness ¢t with uniform tangential volume current J has surface current K = tJ.
Integrating through the thickness converts J dV’ into K d.5".

9.1 Write the volume-current field as a curl

For a localized steady source,

_ o [IE) X (x—x)
B(r)—4ﬂ_/ Py av’.

Set G = 1/|r — r'|. The gradient with respect to the observation point is VG = —R/R3. Because J(r’) is
independent of r,

J xR
V% (GI)=VG x I = }; .
Thus, defining the auxiliary vector field
po [ I o,
A(r) = — B= A 1
W= [ S| VA, 91)

immediately gives , since the divergence of a curl is zero. This A is the magnetic vector potential.
Different vector potentials can give the same B: this is gauge freedom. Week 6 develops this freedom and the
magnetic dipole description of a small current loop.

19



Electrodynamics € Relativity Week 5

OPTIONAL — Why the curl equation follows from Biot—Savart

Further detail, following the main development.

10 Use charge conservation once more

The remaining step is to show that the volume-current construction gives V x B = pgJ. Keep track of the two
derivatives: V acts on the observation point r; V’ acts on the source point r’.

10.1 The source is steady and localized

The steady-source condition is V' - J’ = 0. Localisation means that the current vanishes, or decays sufficiently
fast, on a distant boundary surrounding the source.

distant boundary oV’

the boundary lies outside the localized current

The source integral surrounds the whole current distribution. Charge conservation removes a volume term; localisation
removes a boundary term. Both assumptions are used below.

First show that the constructed vector potential has zero divergence
Using VG = —V'G and integration by parts,
V-A:@/J’-VG‘dV’
4

_ Mo oy was+ @/G(v’-J’) av’ =o.
47T v’ 47T

The surface term vanishes at a distant boundary; the volume term vanishes for a steady current. This
establishes V - A = 0 for the particular A in Eq. (9.1).

10.2 The Coulomb kernel supplies the local source

Use the same Green-function identity that underlies Poisson’s equation:

21 —476®) (r — '),

r—r]
Applying it component by component gives

V2A = %‘; /J’VQG AV’ = —pod(r).

Finally, the curl-of-curl identity yields

VxB=Vx(VxA)=V(V-A) - V?A = pJ. (10.1)
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